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The exact momentum conservation laws for the nonlinear gyrokinetic Vlasov-Poisson equations
are derived by applying the Noether method on the gyrokinetic variational principle [A. J. Brizard,
Phys. Plasmas 7, 4816 (2000)]. From the gyrokinetic Noether canonical-momentum equation derived
by the Noether method, the gyrokinetic parallel momentum equation and other gyrokinetic Vlasov-
moment equations are obtained. In addition, an exact gyrokinetic toroidal angular-momentum
conservation law is derived in axisymmetric tokamak geometry, where the transport of parallel-
toroidal momentum is related to the radial gyrocenter polarization, which includes contributions
from the guiding-center and gyrocenter transformations.
I. INTRODUCTION
The property of exact energy conservation has long been a stringent test on the accuracy of nonlinear gyrokinetic
numerical simulation codes [1]. While the gyrokinetic energy conservation law was initially constructed directly from
the nonlinear gyrokinetic equations [2–5], a more general approach relies on the existence of a variational formulation
for the nonlinear gyrokinetic equations [6–10] and the use of the Noether method [11] associated with the symmetry
of the gyrokinetic Lagrangian density with respect to infinitesimal time translations.
The turbulent transport equations for parallel momentum and toroidal angular momentum in magnetized plasmas
have recently been the focus of intense investigation [12]. These gyrokinetic momentum transport equations are
generally derived as moment equations of the nonlinear gyrokinetic Vlasov equation [13–17]. The present paper is
concerned with an alternative derivation of the momentum and angular momentum conservation laws for the nonlinear
gyrokinetic Vlasov-Poisson equations by the Noether method, which associates a conservation law to each symmetry
of the gyrokinetic Lagrangian density with respect to infinitesimal space-time translations and rotations. The energy-
momentum conservation laws associated with the guiding-center Vlasov-Maxwell equations have previously been
investigated with a variational formulation by Pfirsch and Morrison [18]. The present work generalizes Pfirsch and
Morrison’s work [18] to the gyrokinetic Vlasov-Poisson equations, first, and the gyrokinetic Vlasov-Maxwell equations
in a future paper.
The gyrokinetic Noether canonical-momentum equation derived for the gyrokinetic Vlasov-Poisson equations is
an exact equation that describes the transport of gyrokinetic canonical momentum associated with the gyrocenter
particles (represented by the gyrocenter Vlasov distribution) and the electrostatic fluctuations (represented by the
gyrokinetic Poisson equation), in the presence of a nonuniform background magnetic field. While momentum can be
exchanged between the gyrokinetic Vlasov-Poisson fields and the background magnetic field when the latter does not
possess exact spatial symmetries (e.g., toroidal and poloidal directions in stellarator geometry [19–21]), the canonical
toroidal angular momentum carried by the gyrokinetic Vlasov-Poisson fields is conserved exactly in an axisymmetric
tokamak magnetic field, which allows the transfer of momentum between the gyrocenter Vlasov distribution and the
electrostatic-field fluctuations. From the gyrokinetic Noether canonical-momentum equation derived by the Noether
method, the gyrokinetic parallel momentum equation and other gyrokinetic Vlasov-moment equations are obtained.
The remainder of the paper is organized as follows. In Sec. II, we review the variational derivations [6, 9, 10] of the
nonlinear gyrocenter canonical and noncanonical Hamilton equations and the nonlinear gyrokinetic Vlasov-Poisson
equations. In Sec. III, we apply the Noether method (briefly reviewed in App. A) to derive the exact gyrokinetic linear
and angular momentum conservation laws. In Sec. IV, we present an application of the gyrokinetic angular momentum
conservation law by deriving the parallel-toroidal gyrokinetic momentum conservation law in axisymmetric tokamak
geometry. Lastly, we summarize our work and discuss future work in Sec. V.
II. GYROKINETIC VARIATIONAL PRINCIPLES
The variational derivations of the nonlinear gyrokinetic Vlasov-Poisson and Vlasov-Maxwell equations and the
gyrocenter Hamilton equations guarantee that these equations possess important conservation laws such as energy
2and momentum. The purpose of this Section is to review these variational principles before they are used in the
remainder of the paper.
A. Gyrocenter Hamilton variational principle
The single-particle variational principle used for the derivation of the gyrocenter Hamiltonian dynamics of a charged
particle of mass m and charge e is based on the noncanonical phase-space Lagrangian [4, 6]
Γgy =
(e
c
A + p‖ b̂
)
· dX + (mc/e)µ dζ − Hgy dt ≡ Γα dZ
α − Hgy dt, (1)
where the background magnetic field B ≡ ∇×A is defined in terms of the time-independent magnetic vector potential
A, while the gyrocenter phase-space coordinates are the gyrocenter position X, the gyrocenter parallel momentum
p‖, the gyrocenter magnetic moment µ, and the gyrocenter gyroangle ζ. The gyrocenter Hamiltonian Hgy is defined
as
Hgy(X, p‖, µ, t; φ1) ≡ Hgc(X, p‖, µ) + eΦgy(X, µ, t), (2)
where Hgc ≡ µB + p
2
‖/2m denotes the (unperturbed) guiding-center Hamiltonian. The gyrocenter potential Φgy is
defined in terms of the first-order fluctuating guiding-center electrostatic potential
φ1gc ≡ T
−1
gc φ1 = φ1(X+ ρgc, t), (3)
as
Φgy ≡ ǫ 〈φ1gc〉 −
ǫ2
2
〈{
S1, φ1gc
}
gc
〉
+ · · · , (4)
where ρgc denotes the guiding-center gyroradius (which contains higher-order contributions due to the nonuniformity
of the background magnetic field [22, 23]), 〈· · · 〉 denotes the gyroangle-averaging operation, and the guiding-center
Poisson bracket { , }gc is defined as [22, 23]
{F, G}gc =
Ω
B
(
∂F
∂ζ
∂G
∂µ
−
∂F
∂µ
∂G
∂ζ
)
+
B∗
B∗‖
·
(
∇F
∂G
∂p‖
−
∂F
∂p‖
∇G
)
−
cb̂
eB∗‖
·∇F ×∇G, (5)
where
B∗ ≡ ∇×A∗ = B+ (cp‖/e)∇× b̂ = B
∗
‖ b̂ + p‖
cb̂
e
×
(
b̂ ·∇b̂
)
(6)
and B∗‖ ≡ b̂ ·B
∗ = B + (cp‖/e) b̂ ·∇× b̂. The second-order ponderomotive potential in Eq. (4) is expressed in terms
of the first-order function S1, which is formally defined as the solution of the first-order equation [2, 6]
dgcS1
dt
= e φ˜1gc ≡ e
(
φ1gc − 〈φ1gc〉
)
, (7)
where dgc/dt ≡ ∂/∂t+ { , Hgc}gc denotes the unperturbed (guiding-center) Vlasov operator. To lowest order in the
gyrokinetic space-time-scale ordering [6], the solution for S1 is approximated as
S1 ≃
e
Ω
∫
φ˜1gc dζ, (8)
where higher-order terms (not considered in standard gyrokinetic theory [6]) have been derived in Ref. [24]. We note
that, while the gyroangle-independent potential 〈φ1gc〉 contributes to the linear (first-order) perturbed gyrocenter
Hamiltonian dynamics, the gyroangle-dependent potential φ˜1gc contributes to the (second-order) gyrocenter pondero-
motive Hamiltonian in Eq. (2) as well as gyrocenter polarization effects [see Eq. (57) below]. Lastly, high-order terms
in Eq. (4) have recently been derived at third order in Ref. [25], which yield nonlinear gyrocenter polarization effects.
31. Gyrocenter noncanonical Euler-Lagrange equations
The noncanonical gyrocenter equations of motion are obtained from the variational principle
0 = δ
∫
Γgy ≡
∫
δZα
(
ωαβ
dgyZ
β
dt
−
∂Hgy
∂Zα
)
dt, (9)
which, for arbitrary virtual displacements δZα in gyrocenter phase space (that vanish at the integration boundaries),
yields the noncanonical gyrocenter Euler-Lagrange equations
ωαβ
dgyZ
β
dt
=
∂Hgy
∂Zα
, (10)
where the antisymmetric Lagrange matrix ωαβ ≡ ∂αΓβ − ∂βΓα is derived from the symplectic part of the phase-space
Lagrangian (1), while the gyrocenter Vlasov operator dgy/dt ≡ ∂/∂t+ { , Hgy}gc is defined in terms of the gyrocenter
Hamiltonian (2) and the guiding-center Poisson bracket (5). The noncanonical Euler-Lagrange equations (10) for the
reduced gyrocenter coordinates (X, p‖) are
e
c
dgyX
dt
×B∗ −
dgyp‖
dt
b̂ = ∇Hgy, (11)
and
b̂ ·
dgyX
dt
=
∂Hgy
∂p‖
=
p‖
m
, (12)
where the gradient operator in Eq. (11) is evaluated at constant p‖ and µ.
2. Gyrocenter noncanonical Hamilton equations
By inverting the Lagrange matrix ωαβ in Eq. (10), we obtain the guiding-center Poisson matrix J
αβ ≡ {Zα, Zβ}gc
from which Eq. (5) is constructed. Through this inversion, the gyrocenter Euler-Lagrange equations (10) are converted
into the gyrocenter Hamilton equations
dgyZ
α
dt
≡ Jαβ
∂Hgy
∂Zβ
= {Zα, Hgy}gc =
1
B∗‖
∂
∂Zβ
(
B∗‖ J
αβ Hgy
)
, (13)
where we have used the Liouville property of the guiding-center Poisson matrix Jαβ and the guiding-center Jacobian
B∗‖ , so that ∂α(B
∗
‖ dgyZ
α/dt) ≡ 0. In addition, the gyrocenter noncanonical Hamilton equations for (X, p‖) are
dgyX
dt
=
p‖
m
B∗
B∗‖
+
cb̂
eB∗‖
×∇Hgy =
p‖
m
b̂ +
cb̂
eB∗‖
×
(
∇Hgy +
p2‖
m
b̂ ·∇b̂
)
, (14)
dgyp‖
dt
= −
B∗
B∗‖
·∇Hgy = − b̂ ·∇Hgy + p‖
(
b̂ ·∇b̂
)
·
dgyX
dt
. (15)
The gyrocenter velocity (14) contains the unperturbed guiding-center velocity p‖ (B
∗/B∗‖) + (cb̂/eB
∗
‖)×µ∇B as
well as the nonlinear perturbed gyrocenter E × B velocity (cb̂/B∗‖)×∇Φgy. The gyrocenter parallel force (15), on
the other hand, contains the unperturbed guiding-center parallel force −µ (B∗/B∗‖) ·∇B as well as the nonlinear
perturbed gyrocenter parallel force − e (B∗/B∗‖) ·∇Φgy.
Lastly, the gyrocenter magnetic moment µ is an invariant of the gyrocenter Hamiltonian dynamics,
dgyµ
dt
= −
Ω
B
∂Hgy
∂ζ
≡ 0, (16)
since the gyrocenter Hamiltonian (2) is independent of the gyrocenter gyroangle, while the gyrocenter gyrofrequency
dgyζ
dt
=
Ω
B
∂Hgy
∂µ
= Ω +
eΩ
B
∂Φgy
∂µ
(17)
contains corrections to the unperturbed gyrofrequency Ω that are due to the fluctuating electric field.
43. Gyrocenter canonical Hamilton equations
In Sec. III, we will need to express the gyrocenter Hamilton equations in canonical form which, with the help of
the canonical gyrocenter momentum
pgy =
e
c
A + p‖ b̂ ≡
e
c
A∗, (18)
satisfies the canonical Hamilton equation
dgypgy
dt
= −
∂Hcgy
∂Xc
, (19)
where the spatial gradient ∂/∂Xc is evaluated at constant pgy and µ, with Hcgy(Xc, µ,pgy; t) ≡ Hgy(X, p‖, µ; t) and
Xc ≡ X. Equation (19) is obtained as an Euler-Lagrange equation from the canonical one-form Γcgy ≡ pgy · dXc +
J dζ −Hcgy dt, where the gyroaction coordinate J ≡ (mc/e)µ is canonically conjugate to the gyroangle ζ.
A direct application of the noncanonical Hamilton equations (14)-(15) on the canonical gyrocenter momentum (18)
yields the Hamiltonian identity
dgypgy
dt
=
e
c
dgyX
dt
·∇A∗ +
dgyp‖
dt
b̂ =
e
c
(
B∗×
dgyX
dt
+ ∇A∗ ·
dgyX
dt
)
−
(
B∗
B∗‖
·∇Hgy
)
b̂
= − ∇Hgy +
e
c
∇A∗ ·
dgyX
dt
≡ −
∂Hcgy
∂Xc
, (20)
which relates the two different spatial gradients used in the Sec. III [see Eq. (94)]. We henceforth use the notation
(e/c)A∗ defined in Eq. (18) whenever we use pgy at constant p‖ (e.g., dpgy ≡ (e/c) dX ·∇A
∗ + dp‖ b̂).
In Sec. IV, we will also need to write Eq. (19) in axisymmetric tokamak geometry, where the background magnetic
field
B ≡ ∇ϕ×∇ψ + q(ψ) ∇ψ×∇ϑ ≡ ∇×A, (21)
is represented in terms of the standard magnetic coordinates (ψ, ϑ, ϕ). Here, the safety factor q(ψ) ≡ B ·∇ϕ/(B ·∇ϑ)
is a function of the poloidal flux ψ (note that B ·∇ψ ≡ 0), and the vector potential associated with Eq. (21) is
A ≡ −ψ∇ϕ+Aϑ(ψ) ∇ϑ. From Eq. (18), the toroidal canonical gyrocenter momentum is therefore defined as
pgyϕ ≡
∂X
∂ϕ
·pgy = −
e
c
ψ + p‖ bϕ, (22)
where bϕ ≡ b̂ · ∂X/∂ϕ ≃ R ≡ |∂X/∂ϕ| is approximately given by the major radius R of the axisymmetric tokamak
plasma. The toroidal canonical gyrocenter momentum satisfies the canonical Hamilton equation
dgypgyϕ
dt
=
dgyp‖
dt
bϕ −
(
e
c
dgyψ
dt
− p‖
dgybϕ
dt
)
= −
∂Hgy
∂ϕ
≡ − e
∂Φgy
∂ϕ
, (23)
where the last equality follows from the condition of axisymmetry on the background magnetic field. Equation (23)
can also be obtained from the noncanonical Euler-Lagrange equation (11) after using the identity
e
c
∂X
∂ϕ
·
dgyX
dt
×B∗ =
e
c
J
(
dgyψ
dt
∇ϑ −
dgyϑ
dt
∇ψ
)
·B∗
=
e
c
dgyψ
dt
− p‖
dgybϕ
dt
, (24)
where J denotes the Jacobian for the transformation X→ (ψ, ϑ, ϕ), which is defined from the identity
J −1 ≡ (∇ψ×∇ϑ) ·∇ϕ = Bϑ. (25)
Equation (24) follows from the identities(
∂X
∂ϕ
×
∂X
∂ψ
,
∂X
∂ϕ
×
∂X
∂ϑ
)
≡
(
J ∇ϑ, − J ∇ψ
)
,
5with the magnetic-curvature terms(
J ∇ϑ ·B∗, J ∇ψ ·B∗
)
≡
(
1−
cp‖
e
∂bϕ
∂ψ
,
cp‖
e
∂bϕ
∂ϑ
)
, (26)
which hold for the axisymmetric tokamak magnetic field (21). These identities are then used to construct dgybϕ/dt =
(∂bϕ/∂ψ) dgyψ/dt+ (∂bϕ/∂ϑ) dgyϑ/dt in Eq. (24).
Before moving on to the variational formulation of the gyrokinetic Vlasov-Poisson equations, we introduce the
following gyrocenter equations, obtained from the noncanonical gyrocenter Hamilton equations (14)-(15), that will
appear in gyrokinetic Vlasov-moment equations presented in Secs. III C and IVA. First, the gyrocenter equation for
the parallel-momentum vector p‖ b̂ is
dgy(p‖b̂)
dt
= −
(
B∗
B∗‖
·∇Hgy
)
b̂ + p‖
dgyb̂
dt
= − ∇Hgy +
e
c
dgyX
dt
×B∗ + p‖
dgyb̂
dt
= − ∇Hgy +
e
c
dgyX
dt
×B + p‖ ∇b̂ ·
dgyX
dt
, (27)
and, second, the gyrocenter equation for the toroidal component of the parallel-momentum vector p‖ bϕ is
dgy
dt
(p‖ bϕ) = e
(
1
c
dgyψ
dt
−
∂Φgy
∂ϕ
)
≡ e
(
Egy +
1
c
dgyX
dt
×B
)
·
∂X
∂ϕ
, (28)
where Egy ≡ −∇Φgy denotes the generalized gyrocenter electric field and we used the magnetic-coordinate identity
∇ψ ≡ B×
∂X
∂ϕ
, (29)
satisfied by the axisymmetric tokamak magnetic field (21).
Lastly, we introduce an important identity associated with the connection between the canonical gyrocenter mo-
mentum Hamilton equation (19) and the canonical gyrocenter toroidal angular-momentum equation (23). First, we
take the dot product of Eq. (20) with ∂X/∂ϕ and obtain
dgypgy
dt
·
∂X
∂ϕ
=
dgypgyϕ
dt
−
e
c
dgyX
dt
·∇
(
∂X
∂ϕ
)
·A∗
= −
∂Hgy
∂ϕ
+
e
c
∂A∗
∂ϕ
·
dgyX
dt
, (30)
where the cylindrical dyadic tensor
∇
(
∂X
∂ϕ
)
≡ R̂ ϕ̂ − ϕ̂ R̂ (31)
is defined in terms of the unit vectors R̂ ≡ ∇R and ϕ̂ ≡ R−1 ∂X/∂ϕ. Next, we insert Eq. (23) in Eq. (30) and obtain
the gyrocenter canonical identity
0 =
dgypgyϕ
dt
+
∂Hgy
∂ϕ
≡
e
c
dgyX
dt
·
[
∂A∗
∂ϕ
+ ∇
(
∂X
∂ϕ
)
·A∗
]
. (32)
By inserting Eq. (31) into Eq. (32), with ẑ ≡ R̂× ϕ̂, we obtain the identity
∂A∗
∂ϕ
+ ∇
(
∂X
∂ϕ
)
·A∗ =
∂A∗
∂ϕ
+ A∗× ẑ ≡ 0, (33)
which is trivially satisfied in the cylindrical representation A∗ = A∗R R̂ + A
∗
ϕ ϕ̂ + A
∗
z
ẑ, where the components are
independent of the toroidal angle ϕ while the unit vectors êi = (R̂, ϕ̂, ẑ) satisfy the identities ∂êi/∂ϕ+ êi× ẑ ≡ 0.
6B. Gyrokinetic Vlasov-Maxwell Variational Principle
The derivation of exact conservation laws for the nonlinear gyrokinetic equations relies on the existence of variational
principles from which they can be derived [7–10]. We now briefly review the variational derivation of the gyrokinetic
Vlasov-Poisson equations based on the principle of least action δAgy ≡ 0, where the action functional is [9]
Agy =
∫
d4x
8π
(
ǫ2 |E1|
2 − |B|2
)
−
∑ ∫
d8Z Fgy(Z) Hgy(Z; φ1) ≡
∫
Lgy d
4x, (34)
where the gyrokinetic Lagrangian density Lgy is the sum of the Maxwell Lagrangian density
LM ≡
1
8π
(
ǫ2 |E1|
2 − |B|2
)
, (35)
where the perturbed electric field is E1 ≡ −∇φ1, and the gyrocenter Vlasov Lagrangian density
LgyV ≡ −
∑ ∫
Fgy(Z) Hgy(Z; φ1) d
4p, (36)
where the extended gyrocenter Hamiltonian
Hgy(Z; φ1) ≡ Hgy(X, p‖, µ, t; φ1) − W (37)
is expressed in terms of the (regular) time-dependent gyrocenter Hamiltonian (2) and the gyrocenter energy coordinate
W . The extended phase-space integration in Eq. (34) is defined with d8Z ≡ dt d3X d4p, where d4p ≡ c−1dW d3p and
d3p = mB∗‖ dp‖ dµ dζ (here, mB
∗
‖ denotes the Jacobian). Furthermore, the extended gyrocenter Vlasov distribution
Fgy(Z) ≡ c δ(W −Hgy) F (X, p‖, µ, t) (38)
ensures that the gyrocenter Hamiltonian dynamics satisfies the physical constraint Hgy ≡ 0.
1. Eulerian variations
The gyrokinetic Vlasov-Poisson equations describing the self-consistent evolution of the gyrocenter Vlasov distri-
bution F in the presence of electrostatic fluctuations φ1 are obtained from the Eulerian variational principle∫
δLgy d
4x = 0, (39)
where the Eulerian variation of the gyrokinetic Lagrangian density is expressed as
δLgy =
ǫ2
4π
(δE1 ·E1) −
∑ ∫ [
δFgyHgy + ǫ δφ1
(
ǫ−1
δHgy
δφ1
)
Fgy
]
d4p, (40)
with d3p = 2πmB∗‖ dp‖ dµ (which henceforth assumes gyroangle-averaging). In addition, B is not a variational
field (since it is time independent) while the Eulerian variations δE1 ≡ −∇δφ1 preserves the electrostatic constraint
∇× δE1 = 0. The Eulerian variation for the extended gyrocenter distribution (38) is δFgy ≡ {Sgy, Fgy}gc, which
preserves the Vlasov constraint
∫
δFgy d
8Z ≡ 0 under a virtual canonical transformation Za → Za+ δZa in extended
phase space, where δZa ≡ {Za, Sgy}gc is generated by the extended scalar field Sgy.
Equations (2) and (8) yield the functional derivative
ǫ−1
δHgy
δφ1(x)
≡ e
〈
T
−1
gy δ
3
gc
〉
= e
〈
δ3gc − ǫ {S1, δ
3
gc}gc + · · ·
〉
, (41)
where the guiding-center delta function δ3gc ≡ δ
3(X + ρgc − x) indicates that the gyrocenter contribution at a fixed
field point x only comes from gyrocenters located on the ring X = x − ρgc. It is convenient to formally express the
combined guiding-center and gyrocenter push-forward operations
T
−1
gy δ
3
gc ≡ T
−1
ǫ δ
3(X− x) ≡ δ3(X+ ρǫ − x) (42)
7in terms of the reduced displacement
ρǫ ≡ ρ0 + ρ1 + · · · , (43)
where the unperturbed gyrocenter displacement ρ0 ≡ ρgc0 denotes the (lowest-order) guiding-center gyroradius (which
is gyroangle-dependent) and the first-order reduced displacement
ρ1 ≡ ǫB ρgc1 + ǫρgy1 = 〈ρ1〉 + ρ˜1 (44)
includes the first-order guiding-center displacement ρgc1 [22, 23] and the first-order gyrocenter displacement
ρgy1 ≡
{
X + ρgc, S1
}
gc
, (45)
which is expressed exclusively in terms of S1 (and therefore φ˜1gc) according to Eq. (8). Each first-order contribution
in Eq. (44) has a gyroangle-independent part, which contributes an electric-dipole term in the gyrokinetic polarization
[see Eqs. (54)-(57)], and a gyroangle-dependent part, which contributes an electric-quadrupole term in the gyrokinetic
polarization [see Eq. (55)]. (We note that effects due to the gyrokinetic magnetization [10] do not enter into our
present discussion but will be considered in future work.)
By rearranging terms in the Eulerian variation (40) so that the variation generators (Sgy, δφ1) appear isolated, we
obtain
δLgy = ǫ δφ1
[
ǫ
4π
∇ ·E1 −
∑
e
∫
Fgy
〈
T−1gy δ
3
gc
〉
d4p d3X
]
−
∑ ∫
Sgy
{
Fgy, Hgy
}
gc
d4p +
(
∂Λ
∂t
+ ∇ ·Γ
)
, (46)
where the Noether fields Λ and Γ are
Λ ≡
∑ ∫
Sgy Fgy d
4p, (47)
Γ ≡ −
ǫ2
4π
δφ1 E1 +
∑ ∫ (
Sgy Fgy
) dgyX
dt
d4p. (48)
We note that the Noether space-time divergence terms ∂Λ/∂t+ ∇ ·Γ do not contribute to the Eulerian variational
principle (39) but instead play a crucial role in the derivation of exact conservation laws by the Noether method (see
Sec. III).
2. Gyrokinetic Vlasov-Poisson equations
When the variation (46) is inserted into the Eulerian variational principle (39) for arbitrary variation generators
(Sgy, δφ1), we obtain the gyrokinetic Vlasov equation in extended phase space
{Fgy, Hgy}gc = 0, (49)
and the gyrokinetic Poisson equation
ǫ ∇ ·E1 ≡ 4π
∑
e
∫
Fgy
〈
T−1gy δ
3
gc
〉
d4p d3X. (50)
Furthermore, when the energy integration (
∫
dW ) is performed on the extended gyrokinetic Vlasov equation (49), we
obtain the gyrokinetic Vlasov equation
0 =
∂F
∂t
+
{
F, Hgy
}
gc
≡
∂F
∂t
+
dgyX
dt
·∇F +
dgyp‖
dt
∂F
∂p‖
, (51)
where ∂F/∂µ is absent because of Eq. (16) and the gyrocenter gyrofrequency (17) does not appear in Eq. (51) since
∂F/∂ζ ≡ 0 (by construction). Hence, the guiding-center and gyrocenter transformations yield a reduced dynamical
Hamiltonian description of gyrocenter motion in terms of four-dimensional coordinates X and p‖, with µ appearing
as a parameter.
8The gyrokinetic Poisson equation (50), using E1 ≡ −∇φ1, becomes
− ǫ ∇2φ1 = 4π
∑
e
∫
F
〈
T
−1
gy δ
3
gc
〉
d6z
≡ 4π
(
̺gy − ∇ · P
)
, (52)
where the gyrocenter charge density is defined as
̺gy ≡
∑
e
∫
F d3p, (53)
and the gyrokinetic polarization
P ≡
∑
e
∫
F 〈ρǫ〉 d
3p − ∇ ·Q (54)
includes the electric-dipole contribution associated with the first-order reduced displacement (43), where 〈ρǫ〉 ≡
〈ρ1〉+ · · · (since 〈ρ0〉 ≡ 0), as well as a quadrupole contribution represented by the second-rank tensor
Q ≡
∑ e
2
∫
F
〈
ρǫ ρǫ
〉
d3p + · · · , (55)
which includes standard finite-Larmor-radius corrections due to 〈ρ0ρ0〉 as well as the first-order corrections 〈ρ0 ρ˜1〉
and 〈ρ˜1 ρ0〉 associated with the gyroangle-dependent part of the first-order displacement (44). The first term in the
gyrokinetic polarization (54) includes the first-order guiding-center contribution [26]
〈ρgc1〉 ≡
b̂
Ω
×
dgcX
dt
= −
1
mΩ2
(
µ∇⊥B +
p2‖
m
b̂ ·∇b̂
)
, (56)
and the first-order gyrocenter contribution
〈ρgy1〉 ≡ −
e
B
∂
∂µ
〈
ρ0 φ˜1gc
〉
= −
c
BΩ
∇⊥〈φ1gc〉. (57)
By using Eqs. (56)-(57), the gyrokinetic polarization (54) can thus be expressed in the form
P =
∑
m
cb̂
B
×
[∫
F
(
d
(1)
gyX
dt
)
⊥
d3p
]
− ∇ ·Q, (58)
where the truncated gyrocenter velocity(
d
(1)
gyX
dt
)
⊥
≡
cb̂
eB
×
[
ǫB
(
µ ∇B +
p2‖
m
b̂ ·∇b̂
)
+ ǫ e ∇〈φ1gc〉
]
(59)
denotes the perpendicular components of the gyrocenter velocity (14) with the effective gyrocenter potential (4)
replaced with its first-order contribution ǫ 〈φ1gc〉.
III. GYROKINETIC MOMENTUM CONSERVATION LAWS
In this Section, we use the Noether method [6–10] to derive an exact momentum conservation law for the gyrokinetic
Vlasov-Poisson equations (51)-(52). After substituting the gyrokinetic Vlasov-Poisson equations (49)-(50) into the
Eulerian variational equation (46), we obtain the gyrokinetic Noether equation
δLgy =
∂Λ
∂t
+ ∇ ·Γ, (60)
where the variations (Sgy, δφ1) in Eqs. (47)-(48) are no longer considered arbitrary but are instead generated by
infinitesimal space-time translations or rotations. The energy conservation law for the gyrokinetic Vlasov-Maxwell
equations was obtained from the gyrokinetic Noether equation (60) and was discussed in Refs. [4–10] by considering
infinitesimal time translations t→ t+ δt.
9A. Noether Method
The momentum conservation law for the gyrokinetic Vlasov-Poisson equations (51)-(52) is obtained from the gy-
rokinetic Noether equation (60) by considering infinitesimal space translations x→ x+ δx [8, 11, 27], for which
Sgy = pgy · δx
δφ1 = − δx ·∇φ1 ≡ δx ·E1
δLgy = − ∇ ·
(
δx Lgy
)
+ δx ·∇′Lgy
 , (61)
where the gyrocenter generating scalar field Sgy generates a virtual spatial translation δx and the gyrocenter canonical
momentum pgy is defined in Eq. (18).
The first term in the expression for δLgy in Eq. (61) takes into account the geometric nature of Lgy as a space-time
density. The notation ∇′Lgy in the second term, on the other hand, denotes the explicit spatial gradient of the
Lagrangian density Lgy with the gyrokinetic fields (F,E1) held constant (i.e., ∇
′ ≡ 0 in a uniform magnetic field).
Hence, the explicit gradient ∇′Lgy becomes
∇′Lgy = −
B
4π
∇B −
∑ ∫
F
(
∇′Hgy −
e
c
∇A∗ ·
dgyX
dt
)
d3p, (62)
where the first term represents the contribution from the Maxwell part (35) of the Lagrangian density while the
gyrocenter Vlasov term involves the explicit canonical gradient expressed in terms of the Hamiltonian identity (20).
By inserting the variations (61) into the gyrokinetic Noether equation (60), we obtain the primitive gyrokinetic
Noether momentum equation
δx ·∇′Lgy =
∂
∂t
[∑ ∫
F
(
pgy · δx
)
d3p
]
+ ∇ ·
[∑ ∫
F
dgyX
dt
(
pgy · δx
)
d3p −
ǫ2
4π
(
δx · E1
)
E1 + LM δx
]
, (63)
where only the Maxwell part (35) of the gyrokinetic Lagrangian defined in Eq. (34) survives the physical constraint
Hgy ≡ 0. Next, if we replace LM and ∇
′Lgy in Eq. (63) with Eqs. (35) and (62), respectively, we obtain
− δx ·
[∑ ∫
F
(
∇′Hgy −
e
c
∇A∗ ·
dgyX
dt
)
d3p
]
=
∂
∂t
[∑ ∫
Fgy
(
pgy · δx
)
d4p
]
+ ∇ ·
[∑ ∫
Fgy
dgyX
dt
(
pgy · δx
)
d4p
]
− ∇ ·
[
ǫ2
4π
(
δx · E1
)
E1 +
(
ǫ2
8π
|E1|
2
)
δx
]
, (64)
where the right side involves the gyrocenter canonical momentum pgy and the perturbed electric field E1.
B. Gyrokinetic Linear Momentum
The gyrokinetic Noether (linear) momentum equation is obtained from Eq. (64) by considering a virtual translation
generated by an arbitrary constant displacement δx. The gyrokinetic Noether momentum equation is, therefore,
expressed as
∂P
∂t
+ ∇ ·Π = −
∑∫
F
(
∇′Hgy −
e
c
∇A∗ ·
dgyX
dt
)
d3p, (65)
where the gyrokinetic momentum density is
P =
∑ ∫
F pgy d
3p, (66)
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and the canonical gyrokinetic momentum-stress tensor is
Π =
ǫ2
4π
(
|E1|
2 I
2
− E1E1
)
+
∑ ∫
F
dgyX
dt
pgy d
3p ≡ ΠE + Πgy. (67)
Here, the canonical stress tensor contains the symmetric Maxwell stress tensor
ΠE ≡
ǫ2
4π
(
|E1|
2 I
2
− E1E1
)
, (68)
and the asymmetric gyrocenter canonical momentum-stress tensor
Πgy ≡
∑ ∫
F
dgyX
dt
pgy d
3p. (69)
We note that, while the asymmetry of the gyrocenter canonical momentum-stress tensor (69) is not physically relevant
here since it appears in the gyrokinetic Vlasov-moment equation (78), which has no symmetry requirements onΠgy, it
plays a crucial role in deriving the exact gyrokinetic toroidal angular-momentum conservation law [see Eqs. (92)-(94)].
We now show that Eq. (65) is consistent with Eq. (19) by constructing an explicit proof of the gyrokinetic Noether
momentum equation (65). We begin with the partial time derivative of the gyrokinetic momentum density (66)
∂P
∂t
=
∑ ∫ ( ∂F
∂t
pgy + F
∂pgy
∂t
)
d3p. (70)
Upon substituting the phase-space divergence form of the gyrokinetic Vlasov equation (51), Eq. (70) becomes
∂P
∂t
=
∑ ∫
F
(
dgypgy
dt
)
d3p − ∇ ·Πgy. (71)
Next, we compute the divergence of the canonical momentum-stress tensor (67) to obtain
∇ ·Π = − ǫ
∑
e
∫
F
〈
T
−1
gy E1gc
〉
d3p + ∇ ·Πgy, (72)
where we used the gyrokinetic Poisson equation (50) with E1 ≡ −∇φ1 and E1gc ≡ −∇φ1gc, and we used the
Maxwell-tensor divergence
∇ ·ΠE ≡ − ǫ
∑
e
∫
F
〈
T−1gy E1gc
〉
d3p. (73)
By inserting Eqs. (71)-(72) into Eq. (65), we obtain the gyrokinetic momentum equation
0 ≡
∑∫
F
[
dgypgy
dt
− ǫ e
〈
T−1gy E1gc
〉
+ ∇′Hgy −
e
c
∇A∗ ·
dgyX
dt
]
d3p. (74)
We immediately conclude that the canonical gyrocenter momentum pgy must satisfy the gyrocenter equation of motion
dgypgy
dt
≡ ǫ e
〈
T−1gy E1gc
〉
−
(
∇′Hgy −
e
c
∇A∗ ·
dgyX
dt
)
. (75)
We note, however, that the expression for 〈T−1gy E1gc〉 can be rewritten as
ǫ
〈
T−1gy E1gc
〉
= − ǫ∇〈φ1gc〉 + ǫ
2
〈{
S1, ∇φ1gc
}〉
+ · · ·
≡ −
(
∇Φgy − ∇
′Φgy
)
, (76)
where the explicit gradient term ∇′Φgy takes into account the nonuniformity of the background magnetic field (e.g.,
which appears in the guiding-center Poisson bracket). Lastly, using the relation e∇′Φgy − ∇
′Hgy ≡ −∇Hgc, we
immediately recover the canonical gyrocenter momentum equation (19) from Eq. (75):
dgypgy
dt
= − ǫ e
(
∇Φgy − ∇
′Φgy
)
−
(
∇′Hgy −
e
c
∇A∗ ·
dgyX
dt
)
= − ǫ e ∇Φgy −
(
∇Hgc −
e
c
∇A∗ ·
dgyX
dt
)
≡ − ∇Hgy +
e
c
∇A∗ ·
dgyX
dt
. (77)
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We therefore see that the gyrokinetic Noether momentum equation (65) is automatically guaranteed by the canonical
gyrocenter momentum equation (19). Lastly, we note that Eq. (74) can be written as
0 ≡
∑∫
F
[
dgypgy
dt
+
(
∇Hgy −
e
c
∇A∗ ·
dgyX
dt
)]
d3p
=
∂P
∂t
+ ∇ ·Πgy +
∑∫
F
(
∇Hgy −
e
c
∇A∗ ·
dgyX
dt
)
d3p, (78)
which can be recovered as a gyrocenter Vlasov-moment equation
0 =
∂
∂t
(∫
χ F d3p
)
+ ∇ ·
(∫
dgyX
dt
χ F d3p
)
−
∫
dgyχ
dt
F d3p (79)
obtained from the gyrokinetic Vlasov identity
0 ≡
∂
∂t
(
B∗‖ χ F
)
+
∂
∂Zα
(
B∗‖ χ F
{
Zα, Hgy
}
gc
)
− B∗‖ F
dgyχ
dt
, (80)
which holds for any function χ on gyrocenter phase space (e.g., χ = pgy). We note that Eq. (80) follows from writing
the gyrokinetic Vlasov equation (51) in phase-space-divergence form using Eq. (13).
C. Gyrokinetic Parallel Momentum
As a simple application of the gyrokinetic Noether momentum equation (65), we now derive the gyrokinetic parallel
momentum equation by first decomposing the gyrokinetic momentum density (66) and the gyrocenter momentum-
stress tensor (69) as
(P, Πgy) =
(
P‖ +
1
c
̺gy A, Πgy‖ +
1
c
Jgy A
)
, (81)
where ̺gy is the gyrocenter charge density (53) and the gyrocenter current density is
Jgy ≡
∑
e
∫
F
dgyX
dt
d3p, (82)
while the gyrocenter parallel momentum vector P‖ and the gyrocenter parallel-momentum stress tensor Π‖ are(
P‖, Πgy‖
)
=
∑ ∫
F
(
b̂,
dgyX
dt
b̂
)
p‖ d
3p. (83)
Secondly, we introduce the decomposition
−
e
c
∇A∗ ·
dgyX
dt
= −
e
c
∇A ·
dgyX
dt
− p‖ ∇b̂ ·
dgyX
dt
and the Maxwell-tensor divergence
∇ ·ΠE = − ǫ
∑
e
∫
F
〈
T
−1
gy E1gc
〉
d3p ≡
∑
e
∫
F (∇Φgy − ∇
′Φgy) d
3p,
which combines Eqs. (73) and (76). Thirdly, we use the gyrocenter charge conservation law
0 =
∂̺gy
∂t
+ ∇ ·Jgy =
∂
∂t
(
̺phys + ∇ · P
)
+ ∇ ·
(
Jphys −
∂P
∂t
− c∇×M
)
≡
∂̺phys
∂t
+ ∇ ·Jphys (84)
where the physical charge density ̺phys ≡ ̺gy−∇ · P is expressed in terms of the gyrocenter charge density (53) and the
gyrokinetic polarization charge density −∇ ·P , while the physical current density Jphys ≡ Jgy + ∂P/∂t+ c∇×M is
expressed in terms of the gyrocenter current density Jgy, the polarization current density ∂P/∂t, and the divergenceless
12
magnetization current density c∇×M (note that the gyrokinetic magnetization M is not needed in the present
gyrokinetic Vlasov-Poisson theory). Hence, we obtain
∂̺gy
∂t
A + ∇ ·
(
Jgy A
)
= Jgy ·∇A =
∑
e
∫
F
dgyX
dt
·∇A.
By inserting these expressions, and using Eq. (27), we obtain the vector gyrokinetic parallel-momentum equation
∂P‖
∂t
+ ∇ ·Πgy‖ =
∑ ∫
F
dgy(p‖b̂)
dt
d3p, (85)
which is clearly expressed as a gyrokinetic Vlasov-moment equation (79) with χ = p‖ b̂.
Lastly, we take the dot product of Eq. (85) with the parallel unit vector b̂ and we obtain the gyrokinetic parallel
momentum equation
∂P‖
∂t
+ ∇ ·R‖ = −
∑ ∫
F
(
b̂ ·∇Hgy − p‖
(
b̂ ·∇b̂
)
·
dgyX
dt
)
d3p ≡
∑ ∫
F
dgyp‖
dt
d3p, (86)
where (P‖,R‖) ≡ (P‖ · b̂,Πgy‖ · b̂) and we used (∇ ·Πgy‖) · b̂ = ∇ ·R‖ with ∇b̂ : Π
⊤
gy‖ ≡ 0 (since ∇b̂ · b̂ ≡ 0). We
immediately note that the gyrokinetic parallel momentum equation (86) has the form of a gyrokinetic Vlasov-moment
equation (79) with χ = p‖.
D. Gyrokinetic Toroidal Angular Momentum
We are now ready to use the Noether method to derive the gyrokinetic toroidal angular-momentum conservation
law associated with the toroidal rotational symmetry of the background magnetic field. First, we insert a virtual
infinitesimal toroidal rotation (about the z-axis) generated by the displacement
δx ≡
∂X
∂ϕ
δϕ = δϕ ẑ×X (87)
into the primitive gyrokinetic Noether momentum equation (63). The gyrokinetic angular-momentum conservation
law is, therefore, expressed as
∂Pϕ
∂t
+ ∇ ·Πϕ = 0, (88)
where we used the axisymmetry condition ∂′Lgy/∂ϕ ≡ 0. Here, the gyrokinetic angular-momentum density is
Pϕ ≡
∑ ∫
F pgyϕ d
3p, (89)
where the gyrocenter toroidal canonical momentum pgyϕ in defined in Eq. (22), and the canonical gyrokinetic angular-
momentum flux
Πϕ ≡ ΠE ·
∂X
∂ϕ
+ Rϕ (90)
is decomposed in terms of the toroidal component of the Maxwell stress tensor (68) and the toroidal component of
the gyrocenter Reynolds stress tensor
Rϕ ≡
∑∫
F
dgyX
dt
pgyϕ d
3p, (91)
where the gyrocenter velocity is defined in Eq. (14). We note that the connection between the gyrokinetic angular-
momentum conservation law (88) and the gyrokinetic Noether momentum equation (65) involves the dot product of
the gyrokinetic Noether momentum equation (65) with ∂X/∂ϕ:
∂P
∂t
·
∂X
∂ϕ
+ (∇ ·Π) ·
∂X
∂ϕ
=
∂Pϕ
∂t
+ ∇ ·Πϕ − ∇
(
∂X
∂ϕ
)
: Π⊤
=
∑∫
F
(
e
c
∂A∗
∂ϕ
·
dgyX
dt
)
d3p, (92)
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where Π⊤ denotes the transpose of the canonical gyrokinetic momentum-stress tensor (67). Noting that the dyadic
tensor (31) is antisymmetric, only the asymmetric part of the canonical gyrokinetic momentum-stress tensor (67)
contributes to the term
∇
(
∂X
∂ϕ
)
: Π⊤ ≡ ∇
(
∂X
∂ϕ
)
: Π⊤gy =
∑ ∫
F
[
e
c
dgyX
dt
·∇
(
∂X
∂ϕ
)
·A∗
]
d3p, (93)
since the Maxwell stress tensor ΠE is symmetric and ∇(∂X/∂ϕ) : Π
⊤
E ≡ 0. By substituting Eq. (93) into Eq. (92),
we recover the gyrokinetic toroidal angular-momentum conservation law (88):
0 =
∂Pϕ
∂t
+ ∇ ·Πϕ ≡
∑ ∫
F
{
e
c
dgyX
dt
·
[
∂A∗
∂ϕ
+ ∇
(
∂X
∂ϕ
)
·A∗
]}
d3p, (94)
where the gyrocenter canonical identity (32) reappears.
Lastly, we note that the toroidal component of the Maxwell-tensor divergence (73) yields
(∇ ·ΠE) ·
∂X
∂ϕ
=
∑
e
∫
F
∂Φgy
∂ϕ
d3p, (95)
where
∂Φgy
∂ϕ
= ǫ
〈
∂φ1gc
∂ϕ
− ǫ
{
S1,
∂φ1gc
∂ϕ
}
gc
+ · · ·
〉
≡ ǫ
〈
T−1gy
(
∂φ1gc
∂ϕ
)〉
. (96)
When we combine these contributions into the gyrokinetic angular-momentum conservation law (88), we finally obtain
∂Pϕ
∂t
= − ∇ ·Rϕ −
∑ ∫
F
(
∂Hgy
∂ϕ
)
d3p, (97)
where ∂Hgy/∂ ≡ e ∂Φgy/∂ϕ. Note that Eq. (97) can be obtained from the gyrokinetic Vlasov-moment equation (79)
with χ = pgyϕ:
0 =
∑ ∫
F
(
dgypgyϕ
dt
+
∂Hgy
∂ϕ
)
d3p ≡
∂Pϕ
∂t
+ ∇ ·Rϕ +
∑ ∫
F
(
∂Hgy
∂ϕ
)
d3p, (98)
as was recently derived by Scott and Smirnov [17]. Equation (97) is the general form of the gyrokinetic angular-
momentum conservation law and applies to the electromagnetic case as well as the electrostatic case considered here.
In the electromagnetic case (to be considered in future work), Eq. (97) applies to the Hamiltonian formulation of
electromagnetic gyrokinetic theory [3, 6], where all perturbation fields appear in the gyrocenter Hamiltonian and the
gyrocenter canonical momentum is still given by Eq. (18). In the next Section, we will investigate this conservation
law in axisymmetric tokamak geometry (21) for the case of the gyrokinetic Vlasov-Poisson equations.
IV. GYROKINETIC MOMENTUM CONSERVATION IN AXISYMMETRIC TOKAMAK GEOMETRY
In this Section, we derive the gyrokinetic toroidal angular-momentum conservation law (97) in axisymmetric toka-
mak geometry (21). For this purpose, we introduce the magnetic-surface average
J · · · K ≡ 1
V
∮
(· · · ) J dϑ dϕ, (99)
where V(ψ) ≡
∮
J dϑ dϕ is the surface integral of the magnetic-coordinate Jacobian. The flux-surface average (99)
satisfies the property
J∇ ·CK ≡ 1
V
∂
∂ψ
(
V
r
C ·∇ψ
z)
(100)
for any vector field C. In a time-independent axisymmetric tokamak geometry, we note that ∂/∂t also commutes with
magnetic-surface averaging.
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A. Gyrokinetic parallel-toroidal momentum transport equation
We now present a derivation of the magnetic-surface-averaged gyrokinetic parallel-toroidal transport equation (97)
in axisymmetric tokamak geometry, carried out in four steps.
1. Parallel-toroidal canonical momentum
As a first step, we begin with the gyrocenter toroidal canonical momentum (22), where we quickly note here that
only the parallel component of the gyrocenter toroidal angular velocity dϕ/dt appears (i.e., the magnetic-drift velocity
is absent from pgyϕ). We therefore write the gyrokinetic angular-momentum density (89) as
Pϕ =
∑ ∫
F pgyϕ d
3p ≡ −
ψ
c
̺gy + P‖ϕ, (101)
where ̺gy denotes the gyrocenter charge density (53) and the parallel-toroidal gyrocenter momentum density is
P‖ϕ ≡
(∑ ∫
F p‖ d
3p
)
bϕ. (102)
The partial time derivative of Eq. (101) yields
∂Pϕ
∂t
= −
ψ
c
∂̺gy
∂t
+
∂P‖ϕ
∂t
, (103)
so that Eq. (97) becomes
∂P‖ϕ
∂t
+ ∇ ·Rϕ =
ψ
c
∂̺gy
∂t
−
∑ ∫
F
∂Hgy
∂ϕ
d3p, (104)
which represents the evolution equation for the gyrocenter parallel-toroidal momentum density P‖ϕ, where Rϕ is
defined in Eq. (91).
2. Magnetic-surface average
As a second step, we perform the flux-surface average of Eq. (104), which yields
∂JP‖ϕK
∂t
= −
1
V
∂
∂ψ
(
V
q
Rψϕ
y)
+
ψ
c
∂J̺gyK
∂t
−
∑ s∫
F
∂Hgy
∂ϕ
d3p
{
, (105)
where the surface-averaged radial flux density Rψϕ ≡ Rϕ ·∇ψ of gyrocenter toroidal canonical momentum
JRψϕK = ∑ s∫ F dgyψdt pgyϕ d3p
{
≡ JRψ‖ϕK − ψc JJψgyK, (106)
is decomposed in terms of the radial component Jψgy ≡ Jgy ·∇ψ of the gyrocenter current density (82) and the radial
flux of gyrocenter parallel-toroidal momentum
JRψ‖ϕK ≡ ∑ s(∫ F dgyψdt p‖ d3p
)
bϕ
{
. (107)
By rearranging terms in Eq. (105), we therefore obtain
∂JP‖ϕK
∂t
+
1
V
∂
∂ψ
(
V
r
Rψ‖ϕ
z)
=
∑
e
s∫
F
(
1
c
dgyψ
dt
−
∂Φgy
∂ϕ
)
d3p
{
=
∑ s∫
F
[
dgy
dt
(p‖ bϕ)
]
d3p
{
, (108)
where we used the surface-averaged gyrocenter charge conservation law (84):
∂J̺gyK
∂t
= − J∇ ·JgyK ≡ − 1
V
∂
∂ψ
(
V
q
Jψgy
y)
. (109)
By using Eq. (28), we see that Eq. (108) is expressed directly as a gyrocenter Vlasov-moment equation (79) with
χ = p‖ bϕ.
15
3. Gyrocenter quasineutrality condition
As a third step, we make use of gyrocenter quasineutrality relation
̺gy ≡ ∇ ·P (110)
between the gyrocenter charge density (53) and the gyrokinetic polarization (54). The partial time derivative of the
surface-averaged gyrocenter quasineutrality condition (110) yields
∂J̺gyK
∂t
≡
s
∇ ·
∂P
∂t
{
=
1
V
∂
∂ψ
(
V
∂JPψK
∂t
)
, (111)
where Pψ ≡ P ·∇ψ denotes the radial part of the gyrokinetic polarization and ∂Pψ/∂t defines the radial component
of the gyrocenter polarization-drift current.
By using the surfaced-averaged gyrocenter charge conservation law (109), we readily obtain the identity
JJψphysK = qJψgyy + ∂JPψK∂t ≡ 0, (112)
which implies that the surfaced-averaged radial component of the physical current JJphys ·∇ψK ≡ 0 vanishes, as
is required to preserve the ambipolarity condition [19, 28]. Here, we used the fact that the surface-averaged ra-
dial component of the magnetization current density c∇×M vanishes since ∇ψ ·∇×M ≡ ∇ · (M×∇ψ) andJ∇ · (M×∇ψ)K ≡ 0 by Eq. (100).
4. Parallel-toroidal momentum transport equation
As a fourth and final step, we substitute Eqs. (109) and (112) in Eq. (105), and we obtain the gyrokinetic transport
equation for the surface-averaged gyrocenter parallel-toroidal momentum density
∂
∂t
(JP‖ϕK + 1
c
JPψK) + 1
V
∂
∂ψ
(
V JRψ‖ϕK) = − ∑ e s∫ F ∂Φgy∂ϕ d3p
{
, (113)
which corresponds exactly to Eq. (80) of the recent work by Scott and Smirnov [17]. Here, we see that the transport
of the surface-averaged gyrocenter parallel-toroidal momentum density JP‖ϕK is combined with the surface-averaged
radial gyrokinetic polarization JPψK. In fact, using the magnetic-coordinate identity (29) and the gyrokinetic polar-
ization (58), we find that the sum of the gyrocenter parallel-toroidal momentum density and the radial component of
the gyrokinetic polarization
P‖ϕ +
1
c
Pψ ≡
∑
m
∫
F
(
∂X
∂ϕ
·
d
(1)
gyX
dt
)
d3p −
1
c
∇ψ · (∇ ·Q) (114)
is expressed in terms of the gyrocenter moment of the toroidal component of the gyrocenter momentum (with the
effective gyrocenter potential Φgy replaced with its first-order contribution ǫ 〈φ1gc〉) as well as quadrupole contributions
to the gyrokinetic polarization. The combination of the gyrocenter canonical toroidal momentum equation (23) and
the gyrocenter charge conservation law (111), therefore, allows us to recover the gyrocenter Vlasov moment equation
for the (truncated) toroidal momentum
m
d
(1)
gyX
dt
·
∂X
∂ϕ
≡ mR2
d
(1)
gy ϕ
dt
. (115)
We note here that previous works (e.g., Ref. [17]) have neglected the guiding-center polarization contribution in
Eq. (58) and, hence, the first term on the right side of Eq. (114) only combines the toroidal components of the
gyrocenter parallel vector momentum and the perturbed E × B velocity and ignores the toroidal component of the
magnetic drift velocity.
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B. Gyrokinetic parallel-toroidal momentum conservation law
In their recent paper [17], Scott and Smirnov considered a simplified gyrocenter Hamiltonian obtained in the long-
wavelength (zero-Larmor-radius) limit, where the gyrocenter potential (4) became Φgy ≃ ǫ φ1 +
1
2 ǫ
2
ρ1⊥ ·∇⊥φ1 and
the first-order gyrocenter displacement (57) was 〈ρ1gy〉 ≃ ρ1⊥ ≡ − (c/BΩ)∇⊥φ1. In this limit, Scott and Smirnov
[17] found
∂Φgy
∂ϕ
≃ ǫ
∂φ1
∂ϕ
− ǫ2 ρ1⊥ ·∇⊥
∂φ1
∂ϕ
,
and then showed that the last term on the right of Eq. (113) can be expressed as a spatial divergence [as can already
be seen from Eq. (95)].
In the present paper, we perform a Taylor expansion of Eq. (96) in powers of the gyrocenter displacement ρǫ,
defined in Eq. (43), which yields
∂Hgy
∂ϕ
≡ ǫ e
〈
T−1ǫ
(
∂φ1
∂ϕ
)〉
= ǫ e
(
∂φ1
∂ϕ
+ 〈ρǫ〉 ·∇
∂φ1
∂ϕ
+
1
2
〈ρǫρǫ〉 : ∇∇
∂φ1
∂ϕ
+ · · ·
)
, (116)
where we have combined the guiding-center and gyrocenter phase-space transformations T−1ǫ ≡ T
−1
gy T
−1
gc [see Eq. (42)].
From this expression, we now obtain∑ ∫
F
∂Hgy
∂ϕ
d3p = ǫ ̺gy
∂φ1
∂ϕ
+ ǫ
(∑
e
∫
F 〈ρǫ〉 d
3p
)
·∇
∂φ1
∂ϕ
+ ǫ
(∑ e
2
∫
F 〈ρǫρǫ〉 d
3p
)
: ∇∇
∂φ1
∂ϕ
+ · · · (117)
Next, we substitute the definition of the gyrokinetic polarization (54) into Eq. (117) and, after rearranging terms, we
obtain∑ ∫
F
∂Hgy
∂ϕ
d3p = ǫ
(
̺gy − ∇ ·P
) ∂φ1
∂ϕ
+ ∇ ·
[
ǫP
∂φ1
∂ϕ
+ ǫ
(∑ e
2
∫
F 〈ρǫρǫ〉 d
3p
)
·∇
∂φ1
∂ϕ
+ · · ·
]
≡ ∇ ·
(
ǫP
∂φ1
∂ϕ
+ ǫQ ·∇
∂φ1
∂ϕ
+ · · ·
)
, (118)
where we used the gyrocenter quasineutrality condition (110) to show that the last term on the right of Eq. (113) can
indeed be expressed as an exact spatial divergence involving moments of the gyrocenter displacement ρǫ. We note
that the right side of Eq. (118), which is at least of first order in ǫ, retains all finite-Larmor-radius effects as well as
nonlinear corrections, such as the gyroangle-independent part (57) of the first-order gyrocenter displacement ρ1gy,
while Scott and Smirnov [17] considered only the long-wavelength limit of Eq. (118), with the gyrocenter contribution
to the gyrokinetic polarization P ≃ − ǫ (mnc2/B2)∇⊥φ1 defined in the zero-Larmor-radius limit and all higher-order
effects were omitted [see Eqs. (59) and (91) of Ref. [17]].
When we insert Eq. (118) into Eq. (113), we obtain the gyrokinetic parallel-toroidal momentum conservation law
for the nonlinear gyrokinetic Vlasov-Poisson equations:
∂
∂t
(JP‖ϕK + 1
c
JPψK) + 1
V
∂
∂ψ
[
V
(JRψ‖ϕK + ǫ sPψ ∂φ1∂ϕ + Qψ ·∇∂φ1∂ϕ + · · ·
{) ]
= 0, (119)
where the radial gyrocenter quadrupole vector
Qψ ≡ ∇ψ ·
(∑ e
2
∫
F 〈ρǫρǫ〉 d
3p
)
= Qψ0 + ǫQ
ψ
1gy + · · · (120)
includes guiding-center FLR corrections Qψ0 (involving ρ0) as well as higher-order gyrocenter corrections Q
ψ
1 + · · ·
that involve the gyroangle-dependent part of the first-order guiding-center displacement ρgc1 and the first-order
gyrocenter displacement ρgy1 (e.g., through 〈ρ0 ρ1〉). The gyrokinetic parallel-toroidal momentum conservation law
(119) therefore implies that the transport of gyrocenter parallel-toroidal momentum JP‖ϕK is intimately connected
to the gyrocenter radial polarization JPψK. This connection has recently been investigated through the gyrokinetic
Vlasov-moment approach [12, 14, 15, 17]. The term JPψ ∂φ1/∂ϕK in Eq. (119) represents the turbulent transport of
toroidal momentum [12, 13], while the term JQψ ·∇∂φ1/∂ϕK involves the radial gradient in the toroidal electric field.
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TABLE I: Gyrokinetic Vlasov-moment Equation (79) for various functions χ.
Function χ pgy pgyϕ p‖ b̂ p‖ bϕ p‖
Gyrokinetic Vlasov-moment Equation Eq. (78) Eq. (98) Eq. (85) Eq. (108) Eq. (86)
Lastly, we note that Eq. (119) contains the following nonlinear ordering
ǫω Ω · (mcsR)P ‖ ∼
1
a
· ǫ (k⊥ ρs) e ρs · (k⊥ ρs)
Te
eq
, (121)
where, on the left side of Eq. (121), Ω−1 ∂/∂t ≡ ǫω defines a turbulent time-scale ordering parameter and JP‖ϕK ∼
(mcsR)P ‖ defines the normalized parallel momentum, while, on the right side, |∇ψ| ∂/∂ψ ∼ 1/a ≡ ǫ/ρs introduces
the ordering parameter ǫ ≡ ρs/a, P
ψ/|∇ψ| ∼ ǫ (k⊥ ρs) e ρs represents the ordering of the gyrocenter contribution to the
radial gyrokinetic polarization (57), and ǫ ∂φ1/∂ϕ ∼ (k⊥ρs/q)Te/e represents the ordering of the toroidal derivative
of the perturbed electrostatic potential (here, we used ǫ φ1 ∼ ǫ Te/e, defined in terms of the electron temperature
Te, and ∂/∂ϕ ∼ k⊥a/q ≡ k⊥ρs/qǫ, where we assume k⊥ a ≫ k‖R). Hence, we obtain from Eq. (121) the following
dimensionless ordering
ǫω P ‖ ∼ ǫ
3 (k⊥ ρs)
2 a/(qR). (122)
If the turbulent time-scale ordering ǫω satisfies a gyro-Bohm (gB) ordering [29]
ǫω ∼
1
Ω
∂
∂t
∣∣∣∣
gB
∼
cTe
eB
ǫ
a2Ω
≡ ǫ3, (123)
then the normalized parallel momentum P ‖ satisfies the explicit scaling
P ‖ ∼ (k⊥ ρs)
2 a/(qR), (124)
which involves the fluctuation spectrum in k⊥ and physical parameters of the axisymmetric tokamak plasma. For
typical modern tokamak plasmas, with cs ≃ 1000 km/s (at Te ≃ 10 keV) and a/(qR) ≃ 1/10, we can insert the
scaling (124) into the experimental upper-limit on intrinsic rotation speeds U‖ ∼ P ‖ cs < 40 km/s [30] and obtain
the condition (k⊥ρs)
2 < 0.4 on the fluctuation spectrum, which is consistent with the standard gyrokinetic ordering
k⊥ρs <∼ 1 [6].
V. SUMMARY AND DISCUSSION
In the present work, we presented the derivation of the exact gyrokinetic Noether momentum equation (65) and
the exact gyrokinetic toroidal angular-momentum conservation law (88) associated with the nonlinear gyrokinetic
Vlasov-Poisson equations. While previous gyrokinetic momentum transport equations were derived from moments
of the gyrokinetic Vlasov equation, the gyrokinetic momentum equations derived here are exact statements which
depend on the nonlinear gyrokinetic physics included in the gyrokinetic action functional (34). Various proofs were also
presented throughout the paper to demonstrate the interconnections between the gyrokinetic momentum conservation
laws (32) and (94), and several intermediate steps were shown to be expressed as gyrokinetic Vlasov-moment equations
(79) (see Table I).
The gyrokinetic parallel-toroidal momentum conservation law (119), derived in axisymmetric tokamak geometry and
averaged over magnetic-flux surfaces, highlights the role of polarization effects that appear explicitly in the surface-
averaged gyrokinetic radial polarization JPψK (which includes guiding-center and gyrocenter contributions) and the
toroidally-dependent parts that appear in JPψ ∂φ1/∂ϕ+Qψ ·∇∂φ1/∂ϕ+ · · ·K. The major difference between previous
works (e.g., Ref. [17]) and our work is that the gyrokinetic polarization (58) considered here includes contributions
from the guiding-center and gyrocenter phase-space transformations, while previous works have neglected the guiding-
center polarization contribution (which is of the same order as the gyrocenter contribution).
In future work, the exact gyrokinetic momentum and angular momentum conservation laws for the nonlinear
gyrokinetic Vlasov-Maxwell equations, where fully electromagnetic fluctuations as well as gyrokinetic polarization
and magnetization are taken into account, will be derived by the Noether method. Because the gyrokinetic Noether
momentum equation (65) was derived in general magnetic geometry, applications of the present work to stellarator
plasmas [19–21] and other nonaxisymmetric magnetic geometries could also be considered.
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Appendix A: Noether Method
In this brief Appendix, we use the Noether method to derive the energy-momentum and angular-momentum con-
servation laws [31–33]. In order to simplify the presentation, we assume the Lagrangian density L(ψa, ∂µψ
a;x, t)
depends on a N -component field ψa = (ψ1, ..., ψN ) and its space-time derivatives ∂µψ
a = (c−1∂tψ
a,∇ψa) as well as
possible space-time dependence due to external fields. Furthermore, we assume that each component ψa, which is to
be varied independently of each other, satisfies the Euler-Lagrange equation
∂
∂xµ
(
∂L
∂(∂µψa)
)
=
∂L
∂ψa
. (A1)
In this case, the Noether method is based on the Noether equation
δL = δψa
∂L
∂ψa
+
∂δψa
∂xµ
∂L
∂(∂µψa)
= δψa
[
∂L
∂ψa
−
∂
∂xµ
(
∂L
∂(∂µψa)
)]
+
∂
∂xµ
[
∂L
∂(∂µψa)
δψa
]
≡
∂
∂xµ
[
∂L
∂(∂µψa)
δψa
]
, (A2)
where the variations δψa and δL will now be expressed in terms of infinitesimal space-time translations (energy-
momentum) or infinitesimal rotations (angular-momentum).
1. Energy-momentum Conservation Law
In order to derive the energy-momentum conservation law through the Noether method, we consider arbitrary
infinitesimal space-time translations generated by δxν :
xν → xν + δxν . (A3)
In this case, the variations δψa and δL are expressed as
δψa = − δxν ∂νψ
a, (A4)
δL = − ∂ν
(
δxν L
)
+ δxν ∂′νL, (A5)
where the partial derivative ∂′νL is calculated with the fields ψ
a held constant. If we substitute the variations (A4)-(A5)
into the Noether equation (A2), we obtain the energy-momentum equation [33]
∂µT
µν = ∂′νL, (A6)
where the canonical energy-momentum tensor T µν is defined as
T µν ≡ gµν L −
∂L
∂(∂µψa)
∂νψa. (A7)
The Noether Theorem now states that if the Lagrangian density L is invariant under space-time translations along
the xλ coordinate (i.e., ∂′λL ≡ 0), then the components T µλ satisfy the energy-momentum conservation law
0 = ∂µT
µλ = c−1 ∂tT
0λ + ∂jT
jλ. (A8)
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For time-translation invariance (λ = 0), we define the energy density E ≡ T 00 and the energy-density flux Sj ≡ c T j0,
and Eq. (A8) yields the energy conservation law
∂E
∂t
+ ∇ ·S = 0. (A9)
For space-translation invariance (λ = j), we define the momentum density P j ≡ T 0j/c and the stress tensor T ij ≡ Πij ,
and Eq. (A8) yields the momentum conservation law
∂P
∂t
+ ∇ ·Π = 0. (A10)
2. Angular-momentum Conservation Law
In order to derive the angular-momentum conservation law through the Noether method, we consider arbitrary
infinitesimal rotations generated by the antisymmetric tensor δΛνσ ≡ − δΛσν :
xν → xν + δΛνσ xσ. (A11)
In this case, the variations δψa and δL are expressed as
δψa = −
1
2
δΛνσ
(
xσ ∂νψ
a − xν ∂σψ
a
)
+ ∆ψa, (A12)
δL = − ∂ν
(
δΛνσ xσ L
)
+
1
2
δΛνσ
(
xσ ∂
′
νL − xν ∂
′
σL
)
. (A13)
In Eq. (A12), the Lagrangian variation ∆ψa associated with the infinitesimal rotation (A11) is defined as
∆ψa ≡
1
2
δΛµν ωaµν , (A14)
where the antisymmetric tensor ωaµν (whose role will be clarified below) depends on the field components (ψ
1, ..., ψN ).
If we substitute the variations (A12)-(A13) into the Noether equation (A2), we obtain the angular-momentum
equation
∂µJ
µ[νσ] = xσ ∂′νL − xν ∂′σL, (A15)
where the total angular-momentum tensor Jµ[νσ] ≡ − Jµ[σν] is defined as
Jµ[νσ] ≡ Lµ[νσ] + Sµ[νσ]. (A16)
Here, the orbital angular-momentum tensor
Lµ[νσ] ≡ T µν xσ − T µσ xν , (A17)
where the canonical energy-momentum tensor T µν is defined in Eq. (A7), satisfies the equation
∂µL
µ[νσ] =
(
xσ ∂′νL − xν ∂′σL
)
+ (T σν − T νσ) , (A18)
The spin angular-momentum tensor
Sµ[νσ] ≡
∂L
∂(∂µψa)
ωa[νσ] (A19)
satisfies the equation
∂µS
µ[νσ] ≡ T νσ − T σν , (A20)
which explicitly links the antisymmetric part of the energy-momentum tensor (A7) with the antisymmetric tensor
ωa[νσ]. When energy-momentum is conserved (i.e., ∂µT
µν ≡ 0 for ν = 0, ..., 3), the total angular-momentum (A16) is
also conserved, while the orbital and spin angular momenta satisfy the equation
∂µL
µ[αβ] = T βα − Tαβ ≡ − ∂µS
µ[αβ]. (A21)
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Hence, the angular-momentum conservation law ∂µJ
µ[αβ] = 0 relates the orbital angular-momentum density L0[αβ]
with the spin angular-momentum density S0[αβ] in a form that is similar to Eq. (119).
Lastly, we note that the canonical energy-momentum tensor T µν can also be symmetrized [34–36] directly by adding
the term ∂αΣ
[αµ]ν (where Σ[αµ]ν ≡ −Σ[µα]ν) and require that the new energy-momentum tensor be symmetric:
T
µν
≡ T µν + ∂αΣ
[αµ]ν ≡ T
νµ
, (A22)
while satisfying the same energy-momentum conservation law ∂µT
µν
≡ ∂µT
µν (since ∂2µαΣ
[αµ]ν ≡ 0). The Belinfante-
Rosenfeld solution [37] to Eq. (A20) is expressed as
Σ[αµ]ν ≡
1
2
(
Sν[αµ] + Sµ[αν] − Sα[µν]
)
, (A23)
so that Σ[αµ]ν − Σ[αν]µ ≡ −Sα[µν]. Hence, the spin angular-momentum density Sα[µν], which is driven by the
asymmetry of the canonical energy-momentum tensor [Eq. (A20)], can also be used to obtain a symmetric energy-
momentum tensor (A22), where Σ[αµ]ν is defined by Eq. (A23).
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